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Let f(x) € Z[x] be monic, with nonzero roots «a, . .., a,.
Definition
Q oI:= (ar,y...,on) =2 Z"®T.
SO = (1,....0,) = Z2&T (aj=rse)
v
Example
@ ®,(x) cyclotomic =
1" —b=[r=0or1] |
Lemma
Ifn >3 and Galf = S,, then[r =n or n-1], |
Proof.
Suppose o' - - adn = 1.
Apply 7 = (ij) and divide to get (g) o, O




Weil Polynomials. Let ¢ = p".

Definition
A g-Weil Polynomial f (x) € Z[x] is @ monic polynomial of even degree
such that all roots have complex absolute value /3.

Definition
A g-Weil number « is a root of a g-Weil polynomial.

Roots
al,a_l,...,ag,a_gez
Qi =(q
Ranks
Q r<g+1

Qoi=r—-1<g




Let A/F, be an Abelian Variety of dimension g
Weil Conjectures.

@ Let P4(x) be the characteristic polynomial P4(x) of F € Endgz, (T,A)
@ Then P4(x) is a g-Weil polynomial.

Q A([FZ): (a’ll+a*1”+..._|_ag+07g")_(a?ag+...+ag_lag)+...+qg

y

“Linear algebra”
Hi(A) = NH'(A)

Theorem (Honda tate)
The map

isogeny classes of conjugacy classes of
simple abelian varieties over I, q-Weil numbers

isogeny class of A — the set of zeros of P4(x)
is a bijection.




Galois group of a Weil Polynomial f(x)

Roots
al,a_l,...,ag,a_gez

Qi i =(q

Definition
Wae = Aut{{1,1},{2,2},...,{g,8}} C Sz

Cc¢ » G > G
IF§ ¢ > Wag » Sg

@ Cis alinear code
@ C and dimg, C are invariants of f (and A)




Theorem (Dupuy—Kedlaya—Zureick-Brown)
If#C > 2, f is irreducible, and G = Gal f(x) is primitive, then .

y

Definition
@ Primitive means “no blocks”.

@ A“Block’is B C {a,aq,...,a4, 05} such that 1 < |B| < 2g and
such that for all o € G, SN o (B) = B or ().

[ ]
./ \. AutT C {1,...,6} is transitive, but not primitive.

/\ /\ B ={1,2,3} is a block.

123456

Theorem (Dupuy—Kedlaya—Zureick-Brown)
We construct a representation V € Rep G such that dimV = §.




This recovers all previous work.
@ [Tankeev]: g prime = § € {1,g — 1, g}.
@ [Lenstra—Zarhin]: A “almost ordinary” = § € {g — 1, g}.
© [DKZB]: If f is irreducible and C = %, then 6 = g.

Database of Weil polynomials (Dupuy—Kedlaya—Roe—Vincent)

@ Many improved tools for fast computation
@ Disproof of Shparlinski’s conjecture (ordinary = § = g).

Why Bother?
@ The Tate Conjecture is true for all powers of such A.
@ Arithmetic Statistics: distribution of #A(FZ) (Arango—Bhadmidipati-Sankar)
© Inverse Galois for Weil polynomials (arango-Frengly-vemuiapaiy
© More new cases of the Tate Conjecture (arango-Frengly-vemuiapali




Observations

0) If [Taf = ¢", then [[a@ = ¢"

(1) Let 8 = oy/@;, and divide (0) to get [[ 8 = 1

(2) Applying v, gives > A, (i) = 0.

Leto € G.

(3) I [1BY =1, then [To(B:)" =1, 50|y Awy(0(8:)) = 0|

Main point: the converse holds [Zarhin, Zywina]
IfAy,...,A, € Z satisfy (3) for all o € G, then

[18"=¢




“‘Newton hyperplane” representation

(3) I [18Y =1, then [To ()" =1, 50| Y Awy(o(B

i)) =0

ve(B1) vq(B2)

vg(a(B1))  ve(a(B2)) -

M = (v4(a(5))) =

velo(B) vl (BD)) -

vg(Be)
va(o(Bg))

vg (o' (Bs))

Q¢ DV = Span (v,(¢(B)) : o € G)

Proposition (LetA = (A, ...,A,))
[Bi=1eM-A=0

Corollary
0 =rankM = dimg V.




Example with G cyclic and A ordinary

Suppose that #C =2, and G = (o = (123456)).
Re-index the roots so that o acts as (123456). Then both

ve(B) = (1,1,1,-1,—1,—1) or (1,—1,1,—1,1,—1) are possible.

In the first case, 6 = 6, and in the second case, § = 2
One can’t "simultaneously choose” coordinates for both X and v,.

Sample Corollary
Suppose that #C = F5 and f is irreducible. Then ¢ = g.

Proof.
B
Note that for any ¢; € C, e;(8;) = 8"

Thus vy(ei(8))) = (—1)%9v,(5))-
Now, if (ai,...,aj,...,a,) € V,then (ay,...,—aj,...,a,) € V.




Thank You!

Cc¢ 3

)T gyt

F§ ——— Wy, —» S,

<Ozl,...

Proposition (Let A = (4;,...,A,))
[ =1eM-A=0

vq(B1) vq(B2) e vq(Be)
(o) oD e | orotary

0 =rankM = dimg V.

Y@ (B) v (B) - ve(o'(8e))




Tate conjecture

© Tate Conjecture: H%(A)(¢) is algebraic
@ Theorem: H?(A)(q) is algebraic

Q@ H(A) = NH'(A)

Q IfHY(A)(¢) = N'H?*(A)(q), then the Tate Conjecture is true.

@ This can fail, and such a class in H%(A)(¢/) which does not come
from degree 2 is called exceptional.

@ J = g implies that there are no exceptional classes.

Q lIdea: if oja7 = ¢%, then there is an exceptional class in the image
of
H*(A)(af) ANH*(A)(af) — HY(A)(4%)

(see Zarhin).




Lemma: one can uniquely partition

{1,...,¢} =| | 7: such that
i=1

o € Cis constant on each T; and each 7; is maximal for this property.

Write: .
Qs = @ QEBT,'
i=1

Corollary: suppose that g > 1 and set g’ = g/m.
Then § = imforsomeic {1,...,¢'};0 > m.

When G is not primitive, analyze H; = Stabg T;

Theorem
@ Ifg/mis prime, thend € {m,g —m, g}.
© IfH; acts 2-transitively on T;, then § € {g,g — m}.




