
Math 220-01: Mathematical Reasoning and Proof
Instructor: David Zureick-Brown (“DZB”)

“Notes”
Last updated: February 5, 2024

These are very rough notes for the course, which mostly overlap with the class content.
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MATH 220 HANDOUT 1 - LOGIC

A statement is a sentence for which ‘true or false’ is meaningful.

1. Which of these are statements?

(1) Today it is raining.
(2) What is your name?
(3) Every student in this class is a math major.
(4) 2 + 2 = 5.
(5) x+ 1 > 0.
(6) x2 + 1 > 0.
(7) If it is raining, then I will wear my raincoat.
(8) Give me that.
(9) This sentence is false.
(10) If x is a real number, then x2 > 0.

2. Which of these are true?

(1) (T or F) Every student in this class is a math major and a human being.
(2) (T or F) Every student in this class is a math major or a human being.
(3) (T or F) 2 + 2 = 5 or 1 > 0.
(4) (T or F) If x is a real number, then x2 ≥ 0.
(5) (T or F) If x is a complex number, then x2 ≥ 0.

3. Write the negations of the following.

(1) 2 + 2 = 5
(2) 1 > 0.
(3) 2 + 2 = 5 or 1 > 0.
(4) Every student in this class is a math major.
(5) Every student in this class is a math major or a human being.
(6) If x is a real number, then x2 > 0.

4. Prove the following using truth tables.

(1) P ∧ (Q ∨R) = (P ∧Q) ∨ (P ∧R),
(2) (P ∨Q) ∨R = P ∨ (Q ∨R). (We thus write P ∨Q ∨R for both.)
(3) ¬(P ∨Q) = ¬P ∧ ¬Q,
(4) ¬(P ∧Q) = (make a guess similar to problem 3),
(5) ¬(¬P ) = P .
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2 MATH 220 HANDOUT 1 - LOGIC

5. In exercise 6, you may use the following variants of exercise 4.

(1) P ∨ (Q ∧R) = (P ∨Q) ∧ (P ∨R),
(2) (P ∧Q) ∧R = P ∧ (Q ∧R). (We thus write P ∧Q ∧R for both.)
(3) P ∨Q = Q ∨ P .
(4) P ∧Q = Q ∧ P .

6. Prove or disprove the following without using truth tables.

(1) ¬(P ∧ ¬Q) = ¬P ∨Q.
(2) P ∨ ((Q ∧R) ∧ S) = (P ∧Q) ∨ (P ∧R) ∨ (P ∧ S).
(3) P ∨ (Q ∧R) ∧ S) = (P ∨Q) ∧ (P ∨R) ∧ (P ∨ S).

7. Write the negations of the following implications.

(1) If n is even, then n2 is even.
(2) If 1 = 0, then 2 + 2 = 5.
(3) If there is free coffee, then DZB will drink it
(4) If 1 = 0 and 2 + 2 = 5, then the sky is blue and kittens are popular on youtube
(5) If x and y are real numbers such that xy = 0, then x = 0 or y = 0.

8. Which of these are true?

(1) (T or F) For all x ∈ Z, x is divisible by 2.
(2) (T or F) There exists an x ∈ Z such that x is divisible by 2.
(3) (T or F) For all x ∈ R, if x ̸= 0, then there exists a y ∈ R such that xy = 1.
(4) (T or F) For all x ∈ R, there exists a y ∈ R such that xy = 1.

9. Write the negations of the following.

(1) For all x ∈ Z, x is divisible by 2.
(2) There exists an x ∈ Z such that x is divisible by 2.
(3) ¬(∀x, P (x)),
(4) ¬(∃x s.t. Q(x))
(5) ∀x, (P (x) ∧Q(x)).
(6) If ∃x ∈ R such that 2x = 1, then for all y, y2 < 0.
(7) For all x ∈ R, there exists a y ∈ R such that xy = 1.

10. Write the converse and contrapositive of the statements from problem 7.



MATH 220 HANDOUT 2 - DIVISIBILITY

(1) Show that if d 6= 0 and d | a, then d | (−a) and −d | a.
(2) Show that if a | b and b | a, then a = b or a = −b.
(3) Suppose that n is an integer such that 5 | (n+ 2). Which of the following are divisible by 5?

(a) n2 − 4
(b) n2 + 8n + 7
(c) n4 − 1
(d) n2 − 2n

(4) Prove that the square of any integer of the form 5k + 1 for k ∈ Z is of the form 5k′ + 1 for
some k′ ∈ Z.

(5) Show that if ac | bc and c 6= 0, then a | b.

(6) (a) Prove that the product of three consecutive integers is divisible by 6.
(b) Prove that the product of four consecutive integers is divisible by 24.
(c) Prove that the product of n consecutive integers is divisible by n(n− 1).
(d) (Challenge problem) Prove that the product of n consecutive integers is divisible by n!.

(7) Find all integers n ≥ 1 so that n3 − 1 is prime. Hint: n3 − 1 = (n2 + n + 1)(n− 1).
(8) Show that for all integers a and b,

a2b2(a2 − b2)

is divisible by 12.
(9) Suppose that a is an integer greater than 1 and that n is a positive integer. Prove that if

an + 1 is prime, then a is even and n is a power of 2. Primes of the form 22k + 1 are called
Fermat primes.

(10) Suppose that a and n are integers that are both at least 2. Prove that if an − 1 is prime,
then a = 2 and n is a prime. (Primes of the form 2n − 1 are called Mersenne primes.)

(11) Let n be an integer greater than 1. Prove that if one of the numbers 2n− 1, 2n + 1 is prime,
then the other is composite.

(12) Show that every integer of the form 4 · 14k + 1, k ≥ 1 is composite. Hint: show that there
is a factor of 3 when k is odd and a factor of 5 when k is even.

(13) Can you find an integer n > 1 such that the sum

1 +
1

2
+

1

3
+ + · · ·+ 1

n
is an integer?
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